External non-uniform magnetic fields acting on molecules induce non-collinear spindensities and spin-symmetry breaking. This necessitates a general two-component Pauli spinor representation. In this paper, we report the implementation of a General Hartree-Fock method, without any spin constraints, for non-perturbative calculations with finite non-uniform fields. London atomic orbitals are used to ensure faster basis convergence as well as invariance under constant gauge shifts of the magnetic vector potential. The implementation has been applied to an investigate the joint orbital and spin response to a field gradient-quantified through the anapole moments-of a set of small molecules placed in a linearly varying magnetic field. The relative contributions of orbital and spin-Zeeman interaction terms have been studied both theoretically and computationally. Spin effects are stronger and show a general paramagnetic behaviour for closed shell molecules while orbital effects can have either direction.
I. INTRODUCTION
Quantum-chemical calculations of magnetic field-effects on molecules routinely rely on the assumptions that the magnetic field is either uniform or a dipole field, and weak enough to be treated by low-order perturbation theory. As magnetic fields accessible with present laboratory technology are weak compared to a molecular energy scale, this approach is reasonable for many purposes. However, effects beyond the reach of these idealizations are largely unexplored. An example is the behavior of atoms and molecules subject to strong uniform magnetic fields 1 and another is the response of molecular systems subject to magnetic field gradients 2 . The response of the electrons to inhomogenities in the external magnetic field may be broadly divided into orbital effects and spin effects. Both of these effects are relatively little explored. The main exception is the work by Lazzeretti and coworkers on a perturbative formalism for the orbital response due to field gradients 3, 4 . Some computational studies have also appeared at the Hückel-level 5 , Hartree-Fock level [6] [7] [8] [9] [10] , and correlated levels 11 .
Spin effects have not been explored directly in quantum-chemical studies, having so far been the domain of solid-state physics 2 . The present works aims to take the initial step to filling this gap by studying combined orbital and spin effects in a few molecular systems. To capture spin effects, standard simplifying constraints on the spin degrees of freedom need to be dropped in favor of general two-component Pauli spinors. Magnetic field gradients induce non-collinear spin densities, with the spin Zeeman interaction driving (anti-)alignment towards the local magnetic field direction, as well as spin-symmetry breaking. Neither the magnitude of the total spin nor the spin projection onto an axis are good quantum numbers in the presence of magnetic field gradients. Geometric frustration and static correlation can also result in non-collinear spin densities [12] [13] [14] [15] [16] , though in this case the spin operatorŜ 2 commutes with the hamiltonian and any spin-symmetry breaking is an artifact of limitations of the Hartree-Fock and most post-Hartree-Fock methods.
The perturbative approach quickly becomes unwieldy for higher-order magnetic response, in particular when London atomic orbitals (LAOs) are employed to enforce gauge-origin invariance and accelerate basis set convergence [17] [18] [19] [20] . When ordinary Gaussians are used, very large basis sets become necessary to approach gauge-origin invariance [6] [7] [8] [9] [10] . We use LAOs in combination with a non-perturbative (finite field) approach. This necessitates an im-plementation of integral evaluation for the LAOs which are plane-wave/Gaussian hybrid functions 21, 22 , but requires no additional modification for higher order properties. An added implementation advantage is that only the one-electron part of the Hamiltonian is modified for various external fields and no additional effort is required for extension to post-HartreeFock theories. It therefore opens up the possibility of studying non-perturbative phenomena.
The finite field procedure for both uniform and non-uniform magnetic fields involving LAOs have been developed recently 21, 23 . This has led to the discovery of non-perturbative transition from closed-shell para-to diamagnetism 24 and a new bonding mechanism 23, 25, 26 in very strong magnetic fields.
A convenient quantification of the response to (transverse) magnetic field gradients is provided by the anapole moment. In a multipole expansion of the energy, anapole moments are those moments which couple linearly to the curl of the magnetic field 27 . They have been largely neglected ever since they were first considered by Zeldovich in 1957 28 , who also introduced the term 'anapole'. These moments are distinct from the usual magnetic moments arising out of a perturbative expansion in the magnetic field and can be visualised instead as arising from the meridional currents in a toroidal charge distribution. They are anti-symmetric under both spatial inversion and time-reversal. Due to the relation of nuclear anapole moments with parity violation in atoms and molecules, they have received attention from nuclear physicists 29, 30 with the first experimental evidence coming from measurements on the Cs atom [31] [32] [33] [41] [42] [43] . Several groups have experimentally demonstrated anapole moments in metamaterials for potential application in sensors [44] [45] [46] . In an external non-uniform field, toroidal spin and/or orbital currents are induced, giving rise to anapole moments and the corresponding susceptibilities can be computed. The induced anapolar current densities have been studied for conjugated cyclic acetylenes 37 . Another study analyzed topological features of anapolar current densities in small molecules 35 . Spin and orbital contributions to anapole moments have been analyzed in a simple analytical model of diatomics 36, 47 . Ab initio computational studies, both perturbative approaches [6] [7] [8] [9] [10] and non-perturbative approaches 48 , have estimated the orbital contribution to anapole susceptibilities in closed-shell molecules. Some recent efforts have also been aimed at further understanding the interactions of toroidal moments with external fields 34, 44, 45, 49, 50 .
In this work we study the combined the orbital and spin effects in a set of molecules subject to magnetic field gradients. We focus on transverse gradients and induced anapole moments. The relative importance of orbital and spin effects is investigated numerically.
We also provide theoretical results on the direction and additivity of the spin contributions to induced anapole moments. The out line of the article is as follows. In Sec. II, we define the Hamiltonian and the properties relevant to our study. The General Hartree-Fock model, necessary for mean-field computations in non-uniform magnetic fields, is described in Sec. III.
Secs. IV and V discuss the theory behind the spin and orbital interactions with the external magnetic field and their relative effect on the molecular energy and properties. In Sec. VI we present our numerical results and, finally, we conclude with the summary in Sec. VII.
II. HAMILTONIAN AND PROPERTIES
In what follows, we shall consider electronic systems subject to a linearly varying magnetic field of the form
where B is a uniform (position independent) component, b is a 3 × 3 matrix defining the field gradients, and r h = r − h is the position relative to some reference point h. This type of magnetic field is most naturally viewed as arising from a Taylor expansion around r = h, truncated at linear order. The corresponding vector potential can be written as
where r g = r − g, g being the gauge origin. It can be verified that B tot = ∇ × A tot and that the magnetic field is divergence free, ∇ · B tot = 0. In what follows, we focus on the anti-symmetric part C α = αβγ b βγ of the matrix b and take the symmetric part, b = b T , to vanish. We can then write
Furthermore, the constant vector encoding the anti-symmetric part of b equals the curl of the magnetic field, ∇ × B tot = C.
The non-relativistic Schrödinger-Pauli Hamiltonian is given bŷ
whereπ l = −i∇ l + A tot (r l ) is the mechanical momentum operator. Properties can be alternately viewed as expectation values Ψ|Ω|Ψ or as derivatives of the energy E = Ψ|Ĥ|Ψ related to terms in a Taylor expansion. The first order properties are given by the orbital and spin contributions to the magnetic dipole moment,
which combine to a total dipole moment J q = L q + 2S. Here, q is an arbitrary reference point. Given the form of the magnetic vector potential above, it is L g , with the reference point at the gauge origin, that is the relevant magnetic dipole moment. The anapole moment is similarly given by,
The weighting of the orbital and spin contributions to these quantities is not arbitrary and takes a more intuitive form when they are expressed in terms of the total current density,
where the first term is the orbital current density and the last term-the curl of the spin density-is the spin current density. The magnetic dipole moment and anapole moment can now be identified with linear and quadratic moments of the total current density,
In a non-perturbative setting, the energy E as well as expectation value properties like J g and a can be obtained directly as functions of B and C. On the other hand, a Taylor expansion of the energy defines second-order properties
where J g and a are here evaluated at vanishing B tot . Specifically, χ is the magnetizability tensor, M the mixed anapole susceptibility tensor, and A the anapole susceptibility tensor.
When the preconditions of the Hellmann-Feynman theorem are satisfied, the above expectation value quantities can be identified with energy derivatives,
However, when LAOs are used, the basis set depends on the parameters B and C leading to the expectation values and the energy derivatives being slightly different, in general, though the discrepancy vanishes in the limit of a complete basis.
Turning to the second-order susceptibilities, the defining expressions are
When the preconditions of the Hellmann-Feynman theorem do not apply, one can also introduce the closely related, but inequivalent, quantities
Again, in the basis set limit, equivalence is restored, i.e., A = A and M = M = M .
However, for finite LAO basis sets, numerical investigation of the basis set convergence is warranted. In more detail, molecular orbitals φ K (r) in the GHF model take the form of generic 2-component spinors,
χ a s denote spin-free basis functions. From now on Ψ will denote a Slater determinant formed from such spinors. The spinors also define an associated 2 × 2 density matrix kernel,
For given basis function indices a and b, the corresponding matrix elements are written
The GHF electronic energy can be decomposed into kinetic, spin-Zeeman, electrostatic nuclear attraction, Coulomb repulsion, and exchange energy. Only the spin-Zeeman and exchange terms differ substantially from the standard RHF and UHF forms, since only these terms involve the off-diagonal spin blocks of D 2×2 .
When evaluating the spin-Zeeman term, it is convenient to introduce density matrix-like quantities obtained by letting the Pauli spin matrices act on D 2×2 and tracing out the spin degrees of freedom:
Letting S ba = χ b (r) * χ a (r)dr denote an overlap integral and µ ba;γ = r γ χ b (r) * χ a (r)dr a dipole moment integral, the spin-Zeeman term is given by
with implicit summation over repeated indices and the notation
Tr(b)I and
The contribution to the Fock matrix is obtained as the derivative
With the compact notation B ± = B x ± i B y and b γ,± = b γx ± i b γy , the spin blocks are given by
Turning to the exchange energy, we use Mulliken notation for the electron-electron repulsion integrals, and write
again with implicit summation over spin and basis function indices. The exchange contribution to the Fock matrix is obtained as
Alternatively, in 2 × 2 component form,
IV. DIRECTION OF SECOND-ORDER SPIN EFFECTS ON A
Because the space of RHF wave functions is a strict subset of the space of GHF wave functions, the corresponding ground state energies must satisfy
For any system without a permanent anapole moment and with a singlet ground state in the absence of magnetic fields, the second-order expansion in Eq. (12) yields
where
The above inequality holds for all directions of C and it therefore follows that the difference
is positive semidefinite. Moreover, when the corresponding eigenvalues are placed in ascending order, α RHF,1 ≤ α RHF,2 ≤ α RHF,3 and α GHF,1 ≤ α GHF,2 ≤ α GHF,3 , it follows that α GHF,j ≥ α RHF,j for each j = 1, 2, 3. All closed-shell molecules considered in Sec. VI below exhibit a type of generalized orbital diamagnetism in the sense that −A RHF > 0 is positive definite. Hence, the RHF energy increases with increasing magnitude of C. In these closedshell molecules, the orbital and spin effects oppose each other, since the latter always exhibit a type of generalized paramagnetism in the sense that they lower the second-order energy.
V. ADDITIVITY OF SECOND-ORDER ORBITAL AND SPIN EFFECTS
For a fixed wave function, the orbital and spin contributions to the expectation value of the anapole moment are clearly additive. A more involved case is when a RHF ground state, optimized without any spin-Zeeman interactions, is allowed to relax into a GHF ground state subject to spin-Zeeman interaction. The orbital and spin contributions to the anapole susceptibility A remain additive in this case, despite the coupling of orbital and spin degrees of freedom. However, in the absence of a permanent GHF spin anapole moment, the second-order effect on the energy is exactly half the spin-Zeeman interaction. Hence,
One can also consider relaxation from an initial UHF state, optimized without spin-Zeeman interaction, to a GHF state. Taking into account the possibility of a permanent anapole moment, the corresponding relation is
This effect is illustrated by our results in Sec. VI. Below, we also provide a theoretical derivation. 
For simplicity, assume B = 0 and C = Ce z , and take the matrix elements related to the z-component of the spin anapole moment to be
Diagonalization of H 0 − 1 2
CZ now yields the (unnormalized) lowest eigenstate
where ∆α = α 1 − α 0 is the difference in permanent anapole moments. Separating contributions of different orders in C, we obtain the spin-Zeeman energy
and the total energy
Hence, half the second-order spin-Zeeman interaction, and two thirds of the third-order interaction, is cancelled by the response in other degrees of freedom.
Our current problem in the Hartree-Fock setting differs from the model Hamiltonian in that the Fock operator is density-or state dependent and the ground state needs to be found through a self-consistent field procedure. In order to provide an explanation for Eqs. (34) and (35) tailored to the present Hartree-Fock setting, we provide an analysis using McWeeny's formalism 51, 52 . Assume for simplicity an orthonormal basis of 2-component spinors and let D denote the one-particle reduced density matrix. All GHF states give rise to idempotent density matrices, D 2 = D. Then the Fock matrix can be written as a sum of a densityindependent and a density-dependent part,
The Hartree-Fock energy is conveniently expressed in terms of the modified matrix F :
and the density-matrix form of the Roothaan-Hall equation is
Expanding in orders of the perturbation strength λ, we write F as
and analogously h, G and D as well as the energy E.
Using the projector P = D (0) onto the occupied space of the unperturbed solution and its complement Q = I−P, a projector on the virtual space, any matrix can be decomposed into its four projected blocks
and so on. Occupied-virtual projections of the perturbative expansion of the idempotency condition D 2 = D enable us to relate density matrices of various orders with each other while Eq. (43) provide us with the equations to determine the density matrices at a given order. For the details of this procedure we refer to the paper by McWeeny 51 . The final expressions for the first order density matrices are given by,
where f 0 = F (0) to simplify the notation. Iteration of Eq. (46) yields
It should be noted that this is a form of the coupled perturbed HF self-consistency condi-
ov depends on D
ov . In our finite-field computation we do not explicitly solve this equation but an expansion of our final density in orders of perturbation would yield a first order contribution satisfying this equation. For our present purposes, it is sufficient to establish the above relation to eliminate F (1) ov , and we do not need to further determine D (1) ov . Collecting the first order contributions to the energy, we find
The last term vanishes, since F (0) can be chosen diagonal and D (1) then only has off-diagonal components-hence, Tr(D (1) F (0) ) = 0 and the equation simplifies to
Turning to the second-order contributions, we first note that the idempotency condition determines the blocks D
oo and D
vv :
vo D
ov .
The remaining blocks D
ov and D
vo are not needed to determine the second-order contribution to the energy. We may now write
To evaluate
, we note that since F (0) is diagonal (in the basis of canonical orbitals),
only the diagonal components of D (2) contribute to the trace. Following McWeeny, we use first Eqs. (49) and (50) and then cyclic permutation on Eq. (47) to arrive at the relation
ov D
ov ), (52) where we again use the shorthand notation f 0 = F (0) . Thus,
and, consequently,
Next, we choose λ to be a formal scaling factor applied to the spin-Zeeman interaction.
More specifically, the λ = 0 reference is a UHF ground state (RHF ⊂ UHF) obtained without a spin-Zeeman term. The λ = 1 case, with full spin-Zeeman interaction, corresponds to a GHF solution. Explicitly,
There are no higher order corrections to h, e.g., h (2) = 0. However, the perturbation of h (0) perturbs the self-consistency condition and therefore induces corrections to the energy, density matrix and Fock matrix to all orders in λ. Using Eqs. (48) and (54) above, the difference between the GHF energy E GHF = E and the UHF energy E UHF = E (0) can now be written
where h (1) is the largest eigenvalue of h (1) . Setting λ = 1 finally shows that only half the spin-Zeeman interaction for the induced spin density is present in the total E GHF . The other half is cancelled by the coupling between the spin and orbital degrees of freedom.
VI. RESULTS AND DISCUSSION
The implementation described in Sec. III was applied to study a set of small molecules subject to magnetic field gradients. The H 2 molecule was used for a preliminary study of the Geometries for the other molecules are as reported in an earlier publication 48 and are also provided in the Supplementary Information.
A. H 2
For the H 2 molecule, the leading order response of the energy is quadratic in C, as expected from any system that is a closed-shell singlet in the absence of magnetic fields. In RHF computations where the response is restricted to orbital effects, the energy increases sharply in a parabolic curve. In the case of GHF, the spin degrees of freedom allow a negation of the orbital effects leading to partial or full cancellation or even an inversion of the parabolic energy change. For H 2 , the balance of spin and orbital effects is seen to depend neatly on the bond length (see Fig. 1 ). In our calculations, the H-H bond axis is aligned to the z-axis and we observe identical spin and orbital effects for C x and C y . Thus, only the variation with C x is plotted. The reference point, h, is placed at the centre of the H-H bond at each of the bond lengths we have studied. At R = 0.5R eq , the GHF plot is inverted relative to the RHF indicating a dominance of the spin effect introduced by mixing of the triplet state with the singlet ground state of H 2 and this trend continues as we stretch to R = 1.5R eq , where the downward curvature of the GHF plot is even larger.
The total spin quantum number, which directly indicates the amount of spin-breaking induced by the external magnetic field, is plotted as a function of C at various points on the potential energy surface of H 2 in the second column of Fig. 1 . This quantity is obtained from the relation
and despite the terminology it is no longer a good quantum number. The spin-breaking is found to be directly proportional to C at all geometries. The first column of plots shows the change in energy of H 2 (Luaug-cc-pVQZ) with variation in the gradient of the external non-uniform magnetic field, C = C x e x + C y e y + C z e z .The second column of plots show the corresponding changes in the total spin quantum number, S. This is borne out by our analysis in Sec. V as the zeroth order density is the same for RHF and GHF. When h is placed at the centre of the bond, the linear effects are cancelled on account of symmetry. 
B. O 2
The O 2 molecule in its ground triplet state serves as our sample molecule for interaction of non-singlet molecules with non-uniform fields. In order to isolate pure orbital effects, we carried out UHF calculations without the spin-Zeeman term for the m s = 1 triplet state. The advantage of this constraint on the UHF wave function, compared to the m s = 0 constraint, is that it guarantees that the wave function optimization does not accidentally lead to a singlet state. In our calculations, the O-O bond axis is aligned to the z-axis.
As shown in Fig. 4 , the energy vs. C z curve is flatter than the curves for the C x and C y components. When the spin-Zeeman interactions are included in a GHF calculation, we find that the energy vs. C z curve changes only slightly. The energy as a function of C x (or C y ), on the other hand, changes drastically. In the top plot, h is placed at the centre (35) . This indicates that our numerical computations are adequately described by up to first-and second-order effects on the energy. We note that in this study we have used relatively weaker fields up to 0.020 a.u. where higher order effects do not set in for small molecules like H 2 and O 2 .
The basis set convergence of the anapole susceptibility values for triplet O 2 follow the same trends as the singlet molecules reported below. However, the spin effects push the values in the same direction as the orbital effects unlike in the other cases-see Tables I and   II . This is to be expected as O 2 , unlike the singlet molecules, exhibits first order spin effects, i.e., permanent spin magnetic dipole and spin anapole moments, which dominate the energy response in the absence of symmetry reasons which may cancel these effects. By contrast, the leading orbital effects are always second order in the field.
C. H 2 O 2
A previous study of anapole moments 48 (see also a recent further analysis 56 ) focused on H 2 O 2 as this system can be continuously deformed from an achiral to a chiral and back to an achiral structure by changing the dihedral angle continuously from 0 • to 180 • , the energy minimum being at 120
• . This is useful since features of the mixed anapole susceptibility tensor, M, are sensitive to chirality 57 . However, spin-symmetry breaking effects only enter as a correction to M that is second order in C x . Hence, the GHF results in Fig. 6 
The plot shows the change in energy of O 2 (Luaug-cc-pVQZ) as a function of transverse field gradient, C = C x e x + C y e y + C z e z . The top plot corresponds to the reference point for the gradient, h, placed at the bond-centre and the bottom plot to h placed on one O atom. In the former case, first order effects are cancelled due to symmetry reasons. (15) and (17) respectively. (15) and (17) Table III- .000 0.000 -0. .165 0.000 0.000 -0.000 -5.213 0.700 0.000 -5.213 0.700 -0.000 0. (15) and (17), respectively. A yx , A xz , and A zx , but not A yz , are zero in CHFCl 2 and CHFBr 2 due to symmetry. By contrast, all elements of the A tensor are seen in the chiral CHFClBr.
The basis set convergence is very poor with ordinary basis sets with values in the largest basis being off by factors of [5] [6] [7] [8] from the best estimate with LAOs in the same basis. The deviation between A and A when using LAOs is found to be larger for GHF than for RHF.
VII. SUMMARY AND CONCLUSION
We have reported a non-perturbative GHF implementation for molecules subject to finite, non-uniform magnetic fields. The implementation has been applied to study joint orbital and spin effects on energies and anapole susceptibilities of several molecules. The anapole susceptibilities provide a convenient quantification of the sensitivity to transverse magnetic field gradients.
By comparing GHF and RHF/UHF results, we are able to evaluate the relative importance of spin and orbital effects. Spin symmetry breaking due to magnetic field gradients has also been directly illustrated using the spin quantum number in H 2 . In general, spin effects on the anapole susceptibility are large and have a consistent direction. We have shown on theoretical grounds that spin effects always lower the second-order energy, at least for molecules that are closed shell singlets in the absence of magnetic fields. For molecules such as those in the present work, with generalized orbital diamagnetism, the orbital and spin effects on the tensor A must therefore oppose each other. An interesting pattern in the numerical results is that the difference between GHF and RHF, when quadratic in the transverse field gradient, is equal to half the spin-Zeeman energy. A theoretical explanation of this fact has been derived in Sec. V.
Moreover, as has been shown previously for the orbital effects in isolation, the use of London atomic orbitals dramatically accelerates basis set convergence. This remains true for the spin effects. In addition, our results indicate that decontraction of the basis sets substantially increases accuracy.
